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ABSTRACT: We study viscous hydrodynamics of hot conformal field theory plasma with
multiple/non-Abelian symmetries in the framework of AdS/CFT correspondence, using a
recently proposed method of directly solving bulk gravity in derivative expansion of local
plasma parameters. Our motivation is to better describe the real QCD plasma produced
at RHIC, incorporating its U(1)™/ flavor symmetry as well as SU(2); non-Abelian iso-
spin symmetry. As concrete examples, we choose to study the STU model for multiple
U(1)? symmetries, which is a sub-sector of 5D N=4 gauged SUGRA dual to N=4 Su-
per Yang-Mills theory, capturing Cartan U(1)? dynamics inside the full R-symmetry. For
SU(2), we analyze the minimal 4D N=3 gauged SUGRA whose bosonic action is sim-
ply an Einstein-Yang-Mills system, which corresponds to SU(2) R-symmetry dynamics on
M2-branes at a Hyper-Kahler cone. By generalizing the bosonic action to arbitrary dimen-
sions and Lie groups, we present our analysis and results for any non-Abelian plasma in
arbitrary dimensions.
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1 Introduction and summary

Strongly coupled plasma of finite temperature gauge theories has recently become a fasci-
nating subject of research, largely motivated by the RHIC experiment of relativistic heavy
ion collisions. Naive QCD expectations based on perturbative QCD have failed to explain
certain important aspects of the created QCD plasma, and there are several indications
that the RHIC plasma is in fact a strongly coupled liquid. Given the situation, one may
hope that the problem can be attacked by AdS/CFT correspondence or gauge/gravity
correspondence because the correspondence is useful precisely when the gauge theory side
is strongly coupled [1]. In the gravity side, a finite temperature plasma corresponds to a
black-hole, or more precisely black-brane, spacetime with Hawking temperature identified
with the temperature of the gauge theory. The black-hole horizon is located at certain
point in the holographic additional dimension, and presumably physics outside the horizon
with suitable boundary conditions on the horizon describes the finite temperature plasma
of gauge theories. There have been a lot of useful and often surprising results obtained from
this gravity picture, which would be hard to be found in the pure gauge theory analysis
due to strong coupling [2—4, 8-10].

Of course, the main huddle that hinders further progress in this direction is the ab-
sence of precise dual gravity theory of the real QCD at present, although it is important
to improve the current models to better mimic realistic QCD [11-14]. However, certain
properties of strongly coupled finite temperature plasma may be universal at least quali-
tatively [4]; a well-known example is the viscosity-entropy ratio [2-4], n/s ~ ﬁ, which in
fact is close to the RHIC experiment data, and it is not a vividly wrong idea to try to learn



something about realistic RHIC plasma by studying certain specific AdS/CFT models at

1

finite temperature.” The question whether the results obtained in the specific model are

meaningful in realistic QCD should be asked carefully though.

Any finite temperature plasma is described by hydrodynamics in sufficiently slowly-
varying and long-ranged regime. It is more a framework rather than a result; it is based
on local thermal equilibrium and conservation of symmetry, such as energy-momentum
or global symmetry currents. It is then natural to expect that hydrodynamics should be
emerging in the gravity side of finite temperature plasma described by black-branes. Indeed,
it is based on this idea that various hydrodynamic coefficients including the viscosity-
entropy ratio were calculated via linear response theory in the gravity background [2—4, 6, 7,
10, 15]. Ab initio way of deriving the hydrodynamics from the gravity side when black-brane
parameters like horizon and charges are slowly varying was recently developed [16-19], and
extended to the single U(1) R-charged system in ref. [20-22]. This progress is important
because one can in principle go beyond the linearized approximation to arbitrary non-
linear orders one desires, and some of high order transport coefficients and non-linearity
seem interesting [25]. For applications to non-relativistic AdS/CFT, see ref. [26-28], and
for dyonic system, see ref. [29, 30]. See also ref. [31, 32] for similar developments.

In this work, we generalize this line of development in two different ways, motivated by
real QCD plasma. In QCD with several quark flavors, there is an enlarged global symmetry
SU(Nys)r x SU(Nf)g x U(1)g. If one first focuses on the quark species, each quark flavor
has its own conservation; in the case of three quarks u, d, s that seem relevant in the RHIC
experiment, one should deal with finite temperature plasma with U(1)? global symmetry.
Note that these U(1)? components are highly interacting with each other by strong inter-
actions, and except their conservation laws one can not predict a priori anything about
their dynamics such as diffusion coefficient etc. Because these interactions are crucially
affecting the results of transport coefficients, we better work in a well-defined AdS/CFT
set-up rather than working in an arbitrary unguided gravity theory. We choose to study
the STU model, which is a consistent truncation of AdSs x S° with U(1)? (or any Toric
Sasaki-Einstein compactification) dual to N = 4 SYM plasma with three Cartan U(1)’s
inside SO(6) g, as a model example of multi-charged finite temperature plasma. This model
has been previously studied in linear response approach in ref. [23, 24], but our framework
enables one to go beyond linearized approximation. We also compute charge diffusion coef-
ficients in the model for the first time in the literature. Although our set-up is not precisely
QCD, we hope that it captures some aspect of real U(1)? dynamics in RHIC plasma.

Our second generalization is for non-Abelian SU(2), although our result is valid for
an arbitrary Lie group.? This has a clear motivation from QCD again; it mimics iso-spin
SU(2)y symmetry of QCD in two-flavor approximation in a late stage of RHIC plasma. As
fluctuations of charged pion density correspond to SU(2)y fluctuations, our study should
be interesting in describing pion fluid at finite temperature too. For a specific model, we
study a realization of SU(2) gauged supergravity in Tri-Sasakian compactification of M-

!See [5] for possible violations of viscosity-entropy bound.
2For study of SU(2) in a different context of condensed matter system, See ref. [33-35].



theory to AdSy, corresponding to the SU(2)g-symmetry sector of 3-dimensional M2-brane
plasma. However as we are more interested in higher dimensions such as 4-dimensions,
we simply generalize the bosonic action to arbitrary dimensions AdS, 1 with n > 3 and
perform analysis in complete generality of dimensions. Our analysis automatically includes
the generalization of the previous single U(1) case to arbitrary dimensions as well. One
should however note that our U(1)% and SU(2) R-symmetry in the field theory side do not
come from fundamental flavors, but rather from flavors with adjoint representation. To
introduce fundamental flavors, one normally needs to introduce extra branes in the set-up,
whose detailed study in hydrodynamics is remained for future work.

We obtain the results at first order in derivatives, while the second order calculation
is straightforward, as we will mention in the text, but extremely complicated to present.
We leave its more controlled analysis to the future. We however mention that even the
first order transport coefficients we obtain are quite non-trivial. In the STU model, we find

three conserved currents of each U(1)? at first order in derivatives to be
Jf = pluu - DI (77!“/ + uﬂuV) DVPI + Cleypauuuapua + - (11)

where I = 1,2,3 runs for U(1)? symmetries, p’ is the charge density, and the diffusion
coefficients Dy are given by
D, (rh—ar)
= —— (1.2)
2r3 Hz (rp)
with 7 being the horizon radius, and the relation of ¢; with the energy/charge densities
can be easily found in the text. The parity-violating coefficients (; originated from the 5D

Chern-Simons term are

1 (C VMaq g/ mqi
1JK (

327G 4+ qn)(ry + k)

Cr

mqr Crut V/Mmqj\/mqi/mqr, (13)
3m (2 + a0 +a) 0y +an) ) '

C17K is the Chern-Simons coefficient. As far as we know, this is the first time in

where
literature to have these results. For the SU(2) case, our result for the first order correction

to the SU(2) currents in n-dimensional CFT is
a P P”(@Vp) v a abe v c
Ju(l) =-D <# —u”0yuy | p* + Die b pbPM (0,p°)
+D2 B (p*(p - Oup) — (p- p)(0up?)) , (1.4)

with three diffusion coefficients
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(1.5)



The D is essentially the usual diffusion coefficient of Abelian nature, while the other two
diffusion coefficients are due to the non-Abelian properties. The constants f(~2 and
g"=2) are defined in the text. We hope that this structure is a useful starting point to
study non-Abelian iso-spin plasma of RHIC.

2 Crash review of the method

The basic idea in ref. [16, 17| for deriving hydrodynamics from gravity is conceptually quite
neat; given a black-brane solution with certain parameters such as temperature, charges etc,
one simply considers slowly-varying those parameters in the solution. Note that keeping
the form of the original solution while only varying the parameters inside has a physical
meaning of [ocal thermal equilibrium with given parameters at that point. However, the
resulting configuration with varying parameters will no longer solve the equations of motion
by obvious reason, and one should add corrections to the original form of the solution to
satisfy the equations of motion. These corrections will clearly be sourced by the derivatives
of the black-brane parameters one is slowly-varying, and one can systematically invoke
derivative expansion for these corrections. After obtaining the full solution at k-’th order
in derivatives, one can read off physical quantities at that order via AdS/CFT dictionary,
such as energy-momentum tensor and charge currents. In principle one can go to an
arbitrary order in derivative expansion systematically.

We simply illustrate the procedure for the metric and we refer to the original work
of ref. [16, 17] for more complete discussion. Suppose we have a homogeneous black-
brane solution with the metric gj(\g)N(uﬂ,m, Qi) where u,, m and @Q;’s are parameters of
the solution such as 4-velocity, energy density and charge density of the plasma. Once we
allow for these parameters to vary in CF'T coordinate directions up to k’th derivative, one
should add correction terms

k
0 A
gan = ghiy (wa(@), m(@), Qilw) + D gy (2.1)
i=1
to solve the equations of motion, where u,(x),... are varying in CFT coordinate z* up to

k’th derivatives only, and gg\?N is a local function of derivatives at i’th order. Suppose one
solved this problem up to k’th order. Then to go to the next order, one simply considers
the varying parameters in the above k’th solution up to (k + 1)’th order, which would
not solve the equation of motion any more due to (k 4+ 1)’th order in derivatives we are
now considering. Because the equations of motion are solved up to k’th order already by
the above, one simply needs to add g](\]j[;r\,l) to gy n that is a local function of (k + 1)’th
order in derivatives. Typically the equations of motion are second order partial differential

equations, and since the variation of g](\]f[jr\,l) itself along x* would be the next order to be

neglected, gg\lj}:,l) only depends on the holographic direction r and the local derivatives of
parameters, without any z* dependence at this order. Therefore one would get a simple

second order ordinary differential equation along r direction from the equations of motion,

k+1 k+1
L (o) = S50, 22



with a source S](\E[EI) being some function of local derivatives at (k4 1)’th order. Note that

L, would be universal, without being dependent on k, completely determined by the zero’th
order solution, and one can obtain the source S](\]f[#) quite straightforwardly by plugging the
above k’th order solution with (k4 1)’th order derivatives of parameters into the equation
of motion, and simply gathering uncanceled (k+1)’th order term left. Therefore even after
performing the analysis at the first order, one can find the ordinary differential operator
L,, and the subsequent higher order analysis will then become conceptually simpler. One

can go on these steps inductively to arbitrary order in derivatives.

3 Hydrodynamics with U(1)3: the STU model

The action of the STU model which is a sub-sector of AdS5 gauged N = 4 supergravity
holographically dual to N =4 SYM theory is

(167G5)L = R+2V(X) — %GIJ(X)(FI)MN(FJ)MN — Gr(X)ouX"'oMx’

1 MNPQR I J K
+——c C F F A , 3.1
N 1k (F )N (F7)pQ(A™ )R (3.1)
where 5
1 1 .. 1
V(X) == 22 F N G[J == §d1ag <W> s (32)
I=1

and Cpyx is totally symmetric with Ciog = 1. Also, X! are not independent but con-
strained by

1
6CUKXIXJXK = X'X2Xx3=1. (3.3)
We have put L* = 47g,Ni* = 1 for simplicity and in this convention, we have
T
Gy = — 3.4
5 2N2 9 ( )

where N is the rank of the gauge group. Capital letters M, N, --- represent 5-dimensional
indices, while Greek letters u,v,--- would mean 4-dimensional indices. The equations of
motion one obtains consist of the Einstein equation
2 1
Run + <§V(X) + EGIJ(X)(FI)MN(FJ)MN> gMN
~Gry(X)(FDpy(FHY  — Gry(X)ou X on X' =0, (3.5)

the three Maxwell equations for each I = 1,2, 3,
1

Vn (Gry(X)(F7)MN) — N

MNPRRCy 11 (FN ) np(FE)or =0 (3.6)

and the scalar field equations

<VM (G ()M X7) + 3V(X)> sx!

X1 ) o4

1 (0G1;(X) 1 SXK
_§< ok ) (OuXTOMXT 4 S(Fhun (PN ) = =0, (3.7)



where ¢’ (i = 1,2) are any independent parametrization of X!’s.
The black brane solution with arbitrary three charges has been known [36] and is

given by?
ds* = —Hfé(r)f(r)uuuydm“dm”
—2H"% (r)uydxtdr + r2H3 (r) (v + upuy) datdz”
1
mqr r_ Hi(r)
Al = u,dzt X' = , 3.8
r2+qr " Hi(r) (38)
where 5
m
f0) == +1?H(r), H(r) = [[Hi(r). Hi()=1+ j_g (3.9)
=1
and wu, is the 4-velocity of the fluid with w,u#* = —1. Our convention is 7, =

diag(—,+,+,+) and u, = (—1,0,0,0) in the rest frame.

As we discussed in the previous section, we consider slowly varying parameters u,,
m, and g7 up to first order, and we work in the frame where u, = (—1,0,---,0) at the
position z# = 0 for simplicity. Once we find the solution, we can easily make the result
relativistically covariant. Then at first order in derivatives, we have

uy = (—1,2"0uu;)
m = m© 4 "0, m

ar = 4\ +a",q1 (3.10)

and the above black-brane solution will no longer be a solution with these varying parame-
ters. To be a solution, we have to add the corrections gJ(\Z)N, Af\/(ll) and X1 to the zero’th
order solution with varying parameters, which should be chosen to satisfy the equations
of motion. These corrections will be proportional to the first derivatives of the varying
parameters, and we can neglect their variations along z* as it would be second order, so
these corrections gg‘}l)N, Afv([l) and X' are functions only on the r-coordinate. One can
choose the gauge using coordinate re-parametrization and gauge transformations to be*

3
1
gV =0, g ~u,, AlW=0, Y gV =0. (3.11)
i=1
Let us write the 0’th order metric as

ds®> = —A(r)dt* + 2B(r)dtdr 4+ C(r)(dz")?, (3.12)

with
A(r) = H 3(r)f(r), B(r)=H 5(r), C(r)=r*H3(r). (3.13)

3The gauge fields in the solution have an infinite norm at the horizon due to the diverging ¢°°, which
can be remedied by going to the grand-canonical ensemble with chemical potential that can be added to
the solution as a constant mode. We thank Mukund Rangamani for pointing this issue to us.

4The last gauge is different from the one in ref. [16, 17, 19, 21], but same as in ref. [18, 20]



(1)

Then the metric up to first order in derivatives including the correction g,,, looks as

ds? = —A(r)de* + 2B(r)ddr + C(r)(de') + [~ (0,4) + o)) (r)] dr? (3.14)
+2 [m“ 0,B) + gV (7“)] dtdr + 2[—a" (8,u;) B(r)] drda’
2 o (9) (A(r) = C(r)) + g3 (r)| dtda’ + |2 (8,C) 85 + ) (r)] da'da’

and the gauge fields become

Al = T g
r?+qr
il I(1) \/Mqr I(1) i
+ [—x"au <7°2 s + A ()| dt 4 |2 (0,u) P + A ()| det, (3.15)
and finally scalar fields will be

H(r)
X1 =220 4 am (9,X7) + X, 3.16
Hl(r)+x (0uX") + (r) (3.16)

The task is to insert the above into the original equations of motion to obtain the equations
for the first order corrections gg‘}l)N, Ag/(ll) and XZ™M and then to solve them.

Because we have a spatial SO(3) symmetry in our rest frame, one finds that the
equations for the first order corrections decompose into different SO(3) representations.
After a tedious but straightforward calculation, one finds the following ordinary differential
equations for gg\})N, Aﬁl) and X!(M The easiest one is the tensor mode, that is, traceless

ij components of the Einstein equation,

1)
1 3 9ij 1 3L 2
_ _ Hz . . 2 )
27087* <74 f(r)ar <T2H11i(7‘)>> 27467" <T (T)) <azuj + a]uz 3 (akuk) 52])

(3.17)
The vector mode equations are more complicated. From ¢¢ component of the Einstein
equation, one has

__f) FSH(r 97 - 2L f(r)y/mar (1)
23 H () ( Ho, <T2Hé(7’)>> 2 r3H(r) (0-41)
_ f(’l“) 2m i : 1 w f(T’) (@m) _ p
B H%(T’) <7’3f(7") + 2r Z H[(T’)) (8t Z) T <27~3f(7,) Pz ) 9 (318)

and from the ri-component,

(1) 3
1 9y mqp (1)
————0, | PPH@)O, [ —— | | + Y Y (9,4;

28 H 3 (r) ( v (vﬂ?H%m)) > i )




where Pi(l) is a complex expression in terms of first order spatial derivatives in ¢;’s only,
which is given in the appendix. From the i-component of the Maxwell equation for each I,

we have
L (@) (i) o o 2vmar, (gt
—;& (T <arAi 1 >> o O <7“2H3(7°)
\/THI( "oy Ll (L1 VI4IVMAK  jk g
" < HE () (@m)) + T&( 2CIJK(T2+qJ)(T2+qK) I7(0; k))
+%6T (2 3Hl(1) . (m(r® = ar) (Bigr) + a1 (r® + ar) (@‘m))) - (3:20)
roH?2(r)/mqr

The above five equations are vector mode equations. We mention that the ordinary differ-
ential operators in the left-hand side of the equations in the above and below take integrable
forms, which is a quite non-trivial fact that has been checked via complicated algebra and
educated guesses.’

Finally, the most complicated part is the scalar mode equations under SO(3). From

the tt-component of Einstein equation, one has

2r3(HTzr)a’" (PH (0,9) - %gif Eﬂ?}%ﬁT (0.47") (3.21)
251(;()1”)67" (b ersm) o (i al?) - 7 )%@)HI( : <H iy >9t(r))

3
m&" <T3H3( )37»9;51)) + g ; Féq(:ﬂ) (({“)rAf(1)> (3.22)
+3 b0, (HE0)f() 0 (HE(r)af? iszl%Zf)(’“) (rrt ()

the rr-component looks as

or (10g (r*H3(r)) ) 0, (H3(r)gly) ) — 23: o, <log (Zi(:)) )) o, (%((:)) Xm)) i

(3.23)

5In verifying these, we sometimes used Mathematica for basic algebra manipulations.



and the last scalar mode equation from the Einstein equation is the trace part, that

is S0 (id),

3
3 1 9,1 L) _ 2 (1)
2T(9r (THS(T)(?T <7“ Hs (7“)) o ) " ; mqr (87'1415 > (3.24)
0, (r*H3 (1) 1) ’
37T Loy, 2 1oy (1)
+= or (H6(r)g, | +8r Hiy(r Hs(r)g,,
R (# ()t (;;A>>( (gt
r2 [ (r) 1o 2 +qr — v
where Sgtl), Sg ), and Z “1) are source terms proportional to space-time derivatives of

black-brane parameters, Wthh are given in the appendix.
One obtains more scalar mode equations from the Maxwell equations. From the t-part
of the Maxwell equations for each I, one gets

LN, (1) - i (o L)

4f(r)y/mar Hi(r) )\ _ 2 » — "
TEHE) <Hé(7~)X ) PSH (r) <8t(” @)+ v/mar (& ’)>’ (3.25)

and from the r-component,

T ()« o, (Al

7,13}[2( ) T3H§(T)
4m Hi(r) w10y _ ¢ (3.26)
7’3H2( ) H3( )

Lastly, we present the scalar field equations. For this purpose, we choose X! and X? as

independent variables with X3 = X1 ~z- We have

1 5 Hz(r) 1)
————0, | ’H3(r)0, [log | ———— t (3.27)
r3H3(r) ( ( i (Hl(r)Hf(T))) ! )

7"3H%(7°)
) [ (O Y o (@) M=) ()
H% (’r) ( g (Hl(T)HQ;(T)) < ( )gtr ) T’QH%(’I“) ( ( )gtr >
— &Gﬂm&<%WXMM]M”XmQ>
Hs(r) 2H5 (r)




and the similar equation with X' and X? interchanged. The source terms S'(") and §2(1)
can again be found in the appendix. In the appendix, we also sketch our method of
computations for deriving these equations, the main task being to obtain the variation of
Ricci tensor up to first order.

The main point in this heavy endeavor is in fact to solve the above equations to find the
first order transport coefficients; luckily enough, we are able to solve the above equations
in explicit integral forms.

3.1 The solution

We first observe that some combinations of the above equations are in fact constraints on
the space-time derivatives of the black-brane parameters; they can’t be arbitrary but have
to be consistent with the conservations laws in the CFT side, such as energy-momentum and
current conservations. In other words, bulk equations of motion include the conservation
laws in the CFT side. Writing the Einstein equation as Ejysn and the Maxwell equations
as M ]{/[, one has three kinds of constraints equations,

0= g By + 9" En = — (HE (S + B30 f()S))
—1
= ——F— ( (2mq1g2q3 (O5ui) +mo; (q1G2q3))
2r9H 2 (r)
— ((9m) (q192 + 4293 + q3q1) — mO; (q1G2 + q2G3 + q3q1)) r’

— (2m (Ow;) (q1 + g2 + q3) + 2(0em) (@1 + g2 + q3) — MmOy (q1 + g2 + g3))

— (4m (95u;) + 3 (Bym)) 7“6) , (3.28)

0= g”MtI + grerI = 703[;7%2(74) (825 (vVmaqr) + /mqr (&uz)) , (3.29)
rt o rr - —1 l m m Us

0= Bt = s (0 +2m 0] (3.30)

Note that for the above combinations of equations of motions, the radial differential oper-
ators cancel with each other to leave the above algebraic constraints. The constraints are
uniquely solved by

(Oym) = —%m (Ou) ,  (Oym) = —4m (Opu;)

2 .
(Orqr) = —gq1 (Qju;)  or equivalently, 0, (v/mqr) = —v/mqr (Ou;) , (3.31)

where the first two equations imply the zero’th order energy momentum conservation, and
the last equation is the conservation of U(1)? global symmetry currents. Indeed, applying
AdS/CFT dictionary to our zero’'th order black-brane solution, we have

(0 — e (" + duru”) = p (" + 4utu”)
5
Jf(o) = 8:25qu = pru*, (3.32)

,10,



whose conservation laws in our rest-frame u, = (—1,0,0,0) are nothing but (3.31). One
generically obtains conservation laws of (k — 1)’th order from the k’th order equations
of motion.

We next solve the remaining dynamical equations. It is easiest to solve the tensor
mode equation (3.17). Integrating it gives us

1 r H% / T
gz(jl)(r) — TQHE(T) <—20ij/oo d’l“/ f(ff)) + Cl'j /OO dT,W + CZIJ> N (3.33)

and we define

with some constants C;; and C’Z{j,

1 2

One has to put Cl(j = 0 as it is a non-normalizable mode. The Cj; is uniquely determined to
give a regular solution at the horizon r = rg where f(ry) = 0; note that the two integrals
in the above logarithmically diverge near r = ry, and having a cancelation between the

two for a finite result uniquely fixes
Cij = 27‘?’{}[%(7"1{)0@-]» . (3.35)

The vector mode equations (3.18), (3.19), and (3.20) are harder. As we already solved
one constraint equation from (3.18) and (3.19), we need to solve only (3.19) and (3.20).
Let us first integrate (3.20) once, which gives us

(1)
rf(r)}%mf (6,410) 42 m—qI( 9 )

V“QH%(T)
marHi(r 1 mqgy/m .
_ _Vmatir) o 5Cric GIVIK gk (9,uy) (3.36)

rH2(r) (r2 4+ q)(r? + qx)
- ! m(r? — ; r? m !
2 HE () (m(r® = ar) (Biqr) + qr(r* + qr) (9im)) + C;
=V +cl,

with some integration constants C, and then consider the horizon 7 = ry where f(rgy) = 0.

) (1)

Imposing a regularity on AZ-I(1 and g,;” at r = ry, the first term drops and we have

(1)
9y (ru) - 1 o ,
<T?{H%(m)> - 2y/maq; (Qi (rar) +Cz) : (3.37)

The point is that the left-hand side is independent of I, so that C{ can not be arbitrary
but has to take a form

2,/m
ALl e (3.38)
ryH3 (rp)
with only one degree of freedom C;, which is nothing but the value of gg ) (rgr) at the horizon.

The next step is to use the above (3.36) to replace (3TAZ-I(1)> in the equation (3.19) to get

— 11 —



(1)

a second order differential equation for g,;” only;

1) 3 (1)
SH(r Ii _ 4mqr H(r) Ii
ar< H(r), <T2H§(7~)>> <; ) (HI(T))2> <r2H§(T)> (3.39)

2\ 2 /mqrH(r) ( (1) (1) 2\/mqr )
= —_— () = QN (r ———-C;
2 ) \ & O e

3
—r2H(r) <Izl ﬁ) (Bui) + 28 H 2 (r) P (1)

To our surprise, the second order differential operator in the left-hand side is in fact
integrable, that is, the left-hand side can be transformed into

P2H(r) ) (), (HI()
70) ar( H(r) a”( 7o %)) (340)

The way we have found this is the following. We start from the Ansatz for an inte-
grable form,

50-(Q0, () = 5 QS+ (0, (Q9) + Q(3,5)) .- +0,(Q0,8) ) . (3.41)

and comparing with the left-hand side of (3.39), one gets

Q8 = PH(). 5 (0.(Q) +Q(0,5)) = 0, (PH() , (3.42)

1 >\ 4mg H(r)
50-(Q0S) = = - (3.43)

I=1 Tf(?“) (HI(T))Q .

One can easily remove ) and S in terms of P to get a differential equation for P, which
turns out to be the same differential equation (3.39), but now without the source term in the
right-hand side; that is, P is a homogeneous solution of the differential operator in (3.39).
Luckily, we know one way to generate a homogeneous solution without source terms; recall
that any coordinate re-parametrization must correspond to a homogeneous solution of the
problem. For our purpose, the following infinitesimal coordinate transformation

A A . 1
dt — dt —edx', daz'— dz' +e———dr, (3.44)
r2Hz2(r)

generates one homogeneous solution for gs ), which is H _%(r) f(r), and from this one can
let P be i
_HTE()fr) S

a ’I“QH%(’I“) - r2H(r)

(3.45)

Once P is found, it is straightforward to find @ and S from the above equation to have
the above integrable form of the differential operator.

- 12 —



Solving (3.39) then by integrating it once, we have

r (f(r))Q Hi (r) @
H(r) 6r< Fr) 9ti ) (3.46)
r 3 —
Lo (St (o -atten o)
I=1 riHs(r

f(’l“/) ’ ) 2’1“/f(7‘,) 1), ,
H%(r/ (; Hy(r ) wi) + HE(T’)PZ ( )> TG

E/ dr' I(r') + C!,

with an integration constant C/, which can be fixed by considering the behavior at the
horizon. Note that f(r) has an expansion near r = ry as

Fr) = P =)+ 3 i) =)+ (3.47)
with f’(rg) > 0, and the left-hand side in the above (3.46) takes a limit as r — rp,
r(f)’, (H30) ) | raf'rm) o ruf'(ri)
Oy . — — T i = — I C;, 3.48
1) ( 7 %) T e T i (349

where we have used the fact that gg )(T’H) = C; previously. This fixes C/ to be

TH /
Cl=— / ar' () — ) o (3.49)
0o Hg(’I“H

where I(r') is the same integrand in (3.46), and one can rewrite (3.46) as

PGy (HE0) 0 _ 7 ey - rad )
H(r) @( TORG ) —/er I(r') T ) Cj. (3.50)

We then integrate the above once more to have

(1) r) = M rd?“/ H(TI) ( " dr" T(+") — er/(TH)C) flr) o
It ( ) H%(T’) /oo r (f(?"/))Q KH ( ) H%(TH) i |+ H%(r) 1

where one needs to put the integration constant C to be zero as it corresponds precisely

to the coordinate re-parametrization that we have used to get a homogeneous solution.

At this point, the only uncertainty we have to fix is the constant C; that appears both
(1)
ti

regular derivative at the horizon r = ry7; observe that the above result for gg ) already has

in I(r) and the above result. It might seem that it can be fixed for the g,;’ to have a

a finite value at the horizon irrespective of the constant C;. Suppose that the integrand in
the above equation has an expansion near r = rgy,

H(TI) " T () — erl(rH) o~ a b
T (/H dr'" 1(r") B C@> ot ., (351)
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then the first piece is harmless after integration as it cancels with f(r) in front, while the
second piece will result in

g~ (r—r)log(r — )+ (3.52)

which has a divergent radial derivative that would signal divergent curvature tensors. Ex-
plicitly, one finds that the Ricci tensor R,; diverges with this. Therefore, we may have to
choose right C; to make sure that b = 0 in the near horizon expansion. Explicitly, one has

H(rp) raf'ru) (H'(rg) 1 f"(ru)
p= 20y - T N AR 3.53
))2<<H> e ( ) ) (353)

ri (f'(ru H(rg) ra  f'(ru)

and moreover one finds from (3.46) using f(ry) = 0 that

3
—4mgy

I(ry) = i C; 3.54

) ;7“1?1H3(7“H)(ﬁUr(TH))2 354

so that b is in fact proportional to C; = gg)(rH), and it appears that we may have to put
it zero for regularity. However, an explicit computation shows that the coefficient in front
of C; in fact vanishes identically, and the geometry is smooth for any value of C;. We need
an extra input to fix the constant Cj.

The answer to this puzzle lies in the frame choice, more concretely, the choice of either
Landau frame or Eckart frame. In our work, we choose the Landau frame which states that

u, T = —eu” | (3.55)

and in particular, 7% = 0 must hold in our local rest frame. In holographic renormalization
that we will discuss in more detail in the next section, this condition gives us the constraint
that the coefficient of %2 in near boundary expansion of gg )(’I“) should vanish, because it
is precisely proportional to the first order correction to T%. One can easily check that
this indeed fixes our integration constant C; uniquely. We have then completely solved for

gs )(7“), as given above with C; determined. Our explicit calculations give us

1 3
C; = raHE (re) <Z ( dm <Dl _ M) ((9z\/m—(11)> (3.56)

dm o\ =\ Vmar 22, H? (ry)

3
1 m m m g
+\/_ <4T%{ +3) QJ> (Opus) + 3CLK VI G I Ik (ajuk)> ,

m
TH — (r% +an)(r + a2) (3 + ax)

where Dy is given in the next section.
Once we have the solution for gt(l1 )(7“), one simply plugs it into the equation (3.36) to

solve for Ag(l), whose integration gives us

A1 Tdr/ H(r')

i /oo ) (Hi ()2
L)/ s
D ()

x (Qf(”w) ~ QW (ry) - 2/ma ( S -

(RHS() v

o

‘ . (3.57
(TH)>> 250
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where we have chosen the integration constant to remove non-normalizable modes. This
completes our long solution for the vector modes under SO(3).

Finally we come to the solution of the scalar modes under SO(3). Although it seems
difficult to our eyes to systematically solve these equations, we are lucky to be able to solve
them by an educated guess from the previous analysis in ref. [16, 21]; in fact, for the case
of single U(1) R~charged hydrodynamics, most of the scalar modes under SO(3) turn out
to be zero, except gt(t1 . Assuming the same feature, one easily finds that

2
g = gTH_é(V”) (Opus) (3.58)

indeed solves all the scalar mode equations of motion in the previous section.® As the
solution is expected to be unique up to trivial coordinate re-parametrizations, we conclude
that the above gétl ) with

gtV =AW = xI) — ¢ (3.59)

is the solution of the scalar modes under SO(3).

3.2 The first order transport coefficients

It is a standard AdS/CFT procedure to obtain the first order corrections to the CFT
energy-momentum tensor and the U(1)3 symmetry currents from the results in the previous
section. We first discuss the energy-momentum tensor. One way to compute the CFT
energy-momentum tensor is to rewrite the full first-order metric in the Fefferman-Graham

coordinate,” where
2

d
ds® = p—'02 + %G (p, ) dx*dz” (3.60)

and to read off the coefficient of the large p-expansion of g,,, (p, ),

gin (2)
guu(PaCU)NUW‘i’"""MT"'"'- (3.61)

The holographic renormalization procedure [37] would then give us

1
= (4)
T/»“’ 4:7TG5 g;u/ ('I) : (362)

However, if one naively applies this to the zero’th order black-brane solution (3.8), one
does not find the previously quoted energy-momentum tensor in (3.32),

rv(0) (" + duru”) . (3.63)

oom
~ 167G5
This is due to a subtlety in the scalar fields sector of the STU model; the scalar fields sector
provides the cosmological constant at its vacuum, and hence the boundary counter-term
that one adds in the holographic renormalization involves a non-trivial potential term of

SWe used Mathematica for basic algebra manipulations in showing this.
"It is also possible to get the energy-momentum tensor directly in the Eddington-Finkelstein coordinate,
but the end results should be same in the first order in derivatives.
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the scalar fields X! [38]. Because X' in the solution has a non-trivial profile, it turns out
that this counter-term gives an additional contribution to the energy-momentum tensor
other than (3.62). The careful analysis including this subtlety was carried out in ref. [23]
to find the above correct answer.

For our purpose to find the first order correction T**()_ we are however in a lucky
situation. Because the first order corrections to the scalar fields X/ vanish, there wouldn’t
be any first order contributions from the scalar fields sector to the energy-momentum
tensor, and we can safely use (3.62) for the first order corrections to the energy-momentum
tensor. Be warned that this may not be true in higher orders. A direct expansion of
our first-order solutions in the Fefferman-Graham coordinate p which are related to our r

r=p+ (51‘;@') B (261;11) N (@ﬂz‘gi[%[ a) | . , (3.64)

one finds that the only non-vanishing first-order correction to the energy-momentum comes

variable by

from gz(jl), and is given by
7 27HHé(7'H) 9 s = —Ino 3.65
ij 16wGs i 4 i 174 ( ‘ )

where we have used the fact that the horizon area per unit CFT volume is given by
T%H 3 (rgr), and the entropy density from the Bekenstein-Hawking formula gives

3 H(ry)

3.66
4G ( )
The last equality is simply the definition of shear viscosity 7, and one recovers the famous
ratio 1
Ui
-=— 3.67
T I (3.67)

in the STU model. It is not hard to make the previous result in a manifestly covariant
standard form away from our static frame u, = (—1,0,0,0);

T = p (" + dut'u”) — 2not” + - - | (3.68)

with 1 1
o = S PP (Daug + Opuia) — 3P (Oaui®) , (3.69)

where P* = n¥ + uHu” is the projection to the transverse components to u*.
It is also possible to write the first-order corrected metric in the covariant form,

ds? = —H2/3(r)f(r)uuuydm“dx” - 2H1/6uudx“dr + 7"2H1/3(7°)Pwdm“dx”

—i—ng*l/G (r)(Opup)uyu, dat dx” (3.70)
_ f(?”) /r / H(TI) /r/ (1) oy THfI(TH) T B
2H2/3(7“)u“ ~ dr ey \ dr I,V (r") H1/3(TH)C“ dxtdx
T, 1 (1 1 HY)
+2r3 HY2 (ri)r? HY3 (1Yo V(/ dr’ <— — —7>>dx“dx”
H ( H) ( ) H - f(rl) '3 Ti’{ Hl/Q(T’H)
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Here, the covariant first-order radial function I, S)(r) is defined as

2 mqr
I(l — _9 <QI M () — QLM f_2Vmar >
Z 3H2 ) : 2 mqu§(TH) 8
1) f(r)
Hl/2 (r) 5 u“Z HI 11:1/27;7") P;Sl)(r) ; (3.71)

where the first-order functions Qﬁ(l)(r) and Pi(l)(r) are defined respectively as
1)y — _\/mQIHI(T)P,, ag Lotk NI T 5
I S T M
1
— PV< 2 _ ay 2 ay ) ,
2B H(r) s ! m(r® —qr)var + qr(r” + qr)0ym

3 3 3 3
PO(r) = 7”311{( )pu <H( > g’;‘(};) =Y Hi(r)>  dvas + ZHI(r)quI> . (3.72)
1 I=1 J=1 I=1

I=1

We next obtain the first order corrections to the U(1)? currents, which haven’t been
computed before in the literature, and would be the first non-trivial results in this work.

The standard AdS/CFT formula

2
p v gl
JI = hm — A 3.73
works fine here, and it is easy to get the covariantized first order correction

2/mqr
1) _ (1) -
L 1W%@ (r) — 2T u>, 374)

T?{H%(TH)

where Qﬁ(l)(r) is defined in the above. Using the covariant version of the conserva-
tion (3.31),
PJOoym = —4mP} (u*Oquy) , (3.75)

and the expression for the density p; in (3.32), one can rewrite the result in a more sug-
gestive form, up to first order in derivatives

J¥ = pru* — D P* Dypr + Cre”? M u, Optig + - - -, (3.76)

where the diffusion coefficient Dy is given by

2 _
D; = (7’3]{7;]1)’ (3.77)
2ry H2 (1)

and the parity-violating coefficient ¢; (originated from the 5D Chern-Simons term) is

1 VMG /maK
Cr (CIJ (

= 327G K 2+ q5)(r4 + qK)
mqr mqgj\/MmqK-/mqr,
- CikL7— v ;/ v 5 : (3.78)
3m (riy +a)(rf +ax)(ry +ar)
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We finish this section by presenting the full covariant form of the gauge potential up to
first order in derivatives;

Af:<“m—qfu+ '~ ()<@1<> QL) + LT ) (3.79)

2+ qr T%{HS (ro)

iy 1 " ( ) m my TS (rm)
‘QWI/OO‘”W/ S (/H Wl >‘m@>)‘“’“

where appropriate functions are defined previously.

4 Hydrodynamics with SU(2) in arbitrary dimensions

Our next subject is to consider non-Abelian symmetry dynamics in hot hydrodynamic
plasmas, motivated by the iso-spin SU(2); dynamics in the QCD plasma. Although one
can embed our bosonic action into the well-defined AdS,/CF T3 set-up of the Tri-Sasakian
compactification of M-theory to AdSy, we perform our analysis in arbitrary dimensions
envisioning that any system with non-Abelian symmetry would be described, at least ap-
proximately, by our model. In fact, the action we study has the simplest form one can
imagine with gravity and gauge fields in AdS. However, in general dimensions other than
n = 4 the connection to real QCD will no longer be our main motivation.

We will consider (n+ 1)-dimensional gravity corresponding to n-dimensional CF'T. We
restrict ourselves to the cases of n > 3 only, as the n = 2 case seems peculiar in our results.
Our action contains gravity with SU(2) gauge fields®

1

S —1) = F%  FMN 4.1

with

Fiyn = OmAYy — ONAGy + A5 A5 (4.2)
Note that we are allowed to choose and have chosen a specific normalization for the cos-
mological constant for simplicity, while the normalization of the gauge fields in the above
corresponds to a definite value of coupling constant. In n = 3, this is dictated by the
supersymmetry of N = 3 gauged supergravity [39], and we simply extend it to any dimen-

sions. One can easily recover the gauge coupling constant dependence in our results below,
if needed. The equations of motion are

1
Run + <n + mF,%QF“L“?) gun — 2Fpy PPy =0,
VuF ™My + ™A FMy =0, (4.3)

where Vs is the covariant derivative with metric Christofel connections.

80ne can simply substitute €*** below with any structure constants of a Lie algebra to have the general
results for arbitrary Lie groups.
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A charged black-brane solution in a general boosted frame is

ds* = —r?V (ryuyu,detde? — 2u,dadr + 12 (1, + wuuy) detd?
n—1 ¢
A — dxt 4.4
2(n — 2) 2 AT (44)
with
a a

(4.5)

where it is simply obtained by embedding the U(1) Reisner-Nordstrom black-brane into
a Cartan direction inside SU(2) which is specified by ¢* (a = 1,2,3). As we are going
to consider slow variations of ¢* over the CFT spacetime z#, the Cartan U(1) will corre-
spondingly vary point-by-point, and the non-Abelian nature will manifest itself when these
variations are not parallel to ¢* locally.

Let us consider slowly varying parameters u,, m, and ¢ up to first order, and we
work in the frame where u, = (—1,0,---,0) at the position z# = 0. Then at first order in
derivatives, we have

uy = (=1, 2" 0uu;)
m = m© + 2t 0,m

¢ = ¢*O +219,4", (4.6)

and the above black-brane solution will no longer be a solution with these varying pa-
rameters. To be a solution, we have to add corrections gg\?N and A(]I\/(Il) to the zero’th
order solution with varying parameters, which should be chosen to satisfy the equations of

motion. Our gauge choice is as before;

(1) —

W =0, g\

W~ U A =0, Zg (4.7)

The resulting metric and the gauge fields at first order are

: 0 2q¢% (09"
ds? = —r?V O (r)dt? + 2dtdr + r?(dz')? + [ﬂ:“ <(TSW2L) - qr2(nuf )> +9§tl)(7')] dt?

+29tr (r)dtdr + 2 {x“ (Opui) <V(O) (r) — 1) + gg)(r)] dtda’
+2 [~ (0,u;)] drdx’ —i—g( )( )da'da? (4.8)

a(O

n — g n—1 1
2(n —2)rn—2 2(n —2)rn—2

" a(1) '
2n—2 7""2 (Opui) + AL (r) | da* (4.9)
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After a lengthy calculation, we get the following equations for the first order corrections

gg}I)N and A?‘L/(Il). From the tt-part of Einstein equation,

1V . 1
n( ) Or ( 187’gtt ) - 5 Or (r V(r ) (argt(r)> —2n (TQV(T)) gg)
n — 2 n-2 (1)>
\/ n—1)
1 9 (n—1) ((Oym) 2q¢* (0rq®)
= 5& (7“ V(r 6 (Oyu;) — 5y ( =2 T and , (4.10)
from the tr-part
11 .
§mar ( L0, zgtl)) 2& (TQV(T)) <5r9g)) +2ngg)
n—2 q° a)\ _ (Oiug)
Hn =2 5o <6,At ) === (4.11)
from rr-part,
(n—1) (a g(l)) ~0 (4.12)
r TIdtr 9
and from Y ") ! (i4)-part,
n—1
=D (m20i) + 00— DV () (21 ) + 2000 — 1200 (4.13)

From the t-part of Maxwell equation, we have

V(r) o (n-1s ga(l (n—1)(n—-2) ¢ 1
3 0r (r 19, A )> - 5 V() (a,ngﬁr)) (4.14)
n—1 qb n—2 4c(1)) _ (n—l)(n—Z) 1 a a (o,
2(n — 2)6 T2n74ar (T Ay ) = 5 T ((0rg*) + " (Oiwi))
and from the r-part,
1 n—1g ga(l) (n—-1)(n-2) ¢ 1)
— o (AT ) ; L (0:9) =0, (4.15)

The above six equations are scalar modes under SO(n — 1) spatial rotations.
Vector modes equations of SO(n — 1) are the following. From the ti-part of Ein-
stein equation,

V@) (s (9 (n—D(n—2) ¢° )
2 rn- 38r <T O 72 ) 2 2 7""—3‘/(70) <8rAi )

L @m) | <<n v gﬂ) Qi) , (4.16)

~ 91 2
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from the ri-part,

(1) “D(n—2) & 1
%%ar <T,n+1ar <gt_12>> +92 (n 1)(“ 2) q (8,%1?(1)) — _(n ) (atuz) ’
T T

2 rn—1 2r
(4.17)
and from the i-components of Maxwell equation, we have

D=2 o M
L o, (VoA + (n=Dn=2) ¢ <gm>

,,an—3 2 ,,an—3 7‘2

/ n—1 abc qb A:(l) _ n—1 1 g% a .

Finally, the tensor mode, that is, traceless ij-components of Einstein equation is

M "o )
—%Tnl_g,&» <r"+1v(r)&» (g;g )) _ 5 D, <(aiuj) + (Ojui) — f‘i”l (Bkuk)> . (4.19)

We now present the complete solution of the above equations.

4.1 The solution

We first solve the scalar mode equations. The constraint equations will be discussed after
that. From (4.12), one finds that gg) = (' with some constant C'. To understand its
meaning, note that this gg) = C will affect only (4.10), (4.11), (4.13), and it is easy to
check that it can be compensated by turning on

g = 2072, (4.20)

that is, C corresponds to the above homogeneous solution of the problem. As the above
gg ) is a non-normalizable perturbation to the boundary CFT metric (look at the r? factor
in front), we see that C' in fact corresponds to a non-normalizable homogeneous solution
of the problem, and we set it zero. Then equation (4.15) is integrated to give us

Ca
yn—2

A = +C (4.21)

where C% = 0 is again a non-normalizable mode, and the meaning of C* can be easily
understood by looking back the zero’th order profile of the gauge fields

a

Ata(o) L4

70n72 ’

(4.22)

that is, C* is simply mapped to a redefinition of the charges ¢%, so that we can also set it
zero. Then one can easily integrate (4.13) to have

/

1 _
Gt = (n o 1)

r (Blu,) + (4.23)

Tn—2 )
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(0)

with an integration constant C’. However, recall that the zero’th order g;;’ is

a,.a
mo_ 499
rn72 r2n74 ’

gy = —r*V(r) = —r? + (4.24)

so that €’ is simply a redefinition of the energy density m. In summary, the only non-
vanishing scalar mode in the solution is

Wm__2 5.
91" = =1 (Oiui) (4.25)

One then finds the following three kinds of constraints equations,

m @) ~ P @)+ @)

0= grtEtt 4 grrErt — (;LT_—ll) ((@m)—i— (n i 1)
@D0D L () 4o )

((8;m) + nm (D)) (4.26)

0= g™ M + 7" My =

1
0= grtEti + grrETi = _2,rn—1

which results in

n

Om) =51y

m (Oju;) , (Oim)=—nm (Op;) , (0q") = —q® (Oju;) . (4.27)

As before, they are the conservation laws for the zero’th order energy-momentum tensor
and the SU(2) currents;’

m
T (0) = 167Gy (" + nufu”) = p (" + nutu”) |
n
1 -1 -2
7 — e R N Td (4.28)
n

We next solve for the vector modes, egs. (4.17) and (4.18), which will turn out to have
an important new ingredient due to the non-Abelian nature. An inspection shows that the
only chance to see non-Abelian nature at this order is when (9;¢%) is not parallel to ¢°.
Define

QF = e (B0°) (4.20)
then the following three SU(2) vectors in the Lie algebra of SU(2) form a normal basis;
{a.Qt g Qs (4.30)

and especially one can expand (9;¢%) in terms of them as
7 (0; 1
(9ig") = <7q f @) q" + (—ﬁ> b Qs (4.31)
q-q q-q
where P - é = P*Q*. We then have to expand our A?(l) in terms of them as

AT = AP g + 1O )R + gV () g Qs (4.32)

1 70

9We will obtain them more rigorously in the next section.
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with radial functions Agl), fM and ¢ to be determined. Observe that we have dropped

the index i for f() and g™ as we will see that they are independent of .19 Plugging this

expansion into our equations (4.17) and (4.18), one obtains the following two equations for

AW and g(-l)
(2

ti 7

(1) .
1.1 ntlg [ 9t n—1)(n-2)q-¢q (1)
27‘”*1& <T Or < r2 )) +2 2 =l (8TAi >

= — (&fuz) , (4.33)

- e 1 <Cf§(@§) + (atui)> , (4.34)

and the following coupled equations for f) and g™,

1 n—1 1) n—1 ¢q-q g _
——50: (VoY) +2 s (5 ) =0, (4.35)
1 _— m\ _ n—1 1 SO\ [ m=1 11
——50, (1" V(r)o,g ™) -2 e el Bt e P o SCED)

It is straightforward to solve (4.33) and (4.34) as is done in the STU model, and we
simply present the result;

gt(zl) _ T’QV( )/ ! ( zV (/ dT’HI — TH 1V’(’I“H)C> , (437)
iy n—1)(n—2 S) C;
Az(l) = /Oodr (r’)"_1V( ) (Q( ) Qz ) ( )2( ) <g(7,/()2) - E)) )
where

[(n—1)( n—2)cj’ q_1'< Qi(r) — Qi(ra) + (n—1)2(n—2)%>

Again, the integration constant C; is fixed by the Landau frame constraint, and an explicit

computation gives us

r2 2 B n?—4an+2)¢-q
Ci:—H<—7(q 8,@’)+<nr§;1+( 2? q)(atui))

nm (n —2)rf ! (n—2)r}y

10T his should be clear from the spatial SO(3) symmetry because Q¢ and €**°¢°QS are already SO(3)
vectors.
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However, we are unable to integrate the equations (4.35) and (4.36) to solve f(1) and g(V); we
will instead comment on a possible numerical approach. Defining F(H(1) = (1) 4 i|cﬂg(1),
the equations (4.35) and (4.36) become a single complex equation

Y (v (o, FOW)

, n—1 1 FEH@) , n—1 1 1
—2Z|(ﬂ " — 5 ar ( 1 = _Z|(ﬂ
T

r3 2(n=2)rmtq-q

The equation has one trivial solution,

> o

q-q

which is non-normalizable. However, having this solution is of great help in finding the

M - L (4.38)

unique normalizable solution regular at the horizon numerically; one only solves the homo-
geneous equation without the source term in the right-hand side, and then add the above
trivial solution to have a normalizable solution. Considering the limit of the homogeneous
equation to the horizon where V(ry) = 0, one gets the relation

(0, FCO) B —i|qlvn—1 (4.30)

T OO 2n — 2P W (ryr) — 2i/n — 1|qlry

r=rg

for a regular homogeneous solution. Putting F (+)(1)(7“ ) = 1, the above completely speci-
fies the boundary condition at the horizon, and one can numerically solve the differential
equation uniquely, that is, regular homogeneous solution normalized as F (+)(1)(T‘H) =1is
unique. Let’s call this homogeneous solution Féﬂ(l)(r). In general, its large r asymptotic

)(1)(

will give us a finite non-zero constant FO(Jr 00) # 0, and one constructs the full solution

of our original problem simply as

1 OO
FOOG) = —— <1 — 7&)(1) (r) ) (4.40)
749 Fo 7 (o0)
Finally, the tensor mode equation (4.19) is easily integrated to give us
(1) 2 " / 1 nn—1 n—1
9i; = —20ir dr )V (1) ((T) — (rm) ) ) (4.41)
with
1 20,5
Oij = B (Blu]) + (@ul) ST (Bkuk) . (4.42)

4.2 The first order transport coefficients

Based on the results of the previous section, we can write the covariant form of the metric
and the gauge field up to first order in derivative expansion. The metric looks as

2
ds? = —r*V (ryu,u,datdz” — 2u,datdr + v Py, detds” + — 1r(6pup)uuu,,dac“dac”
r 1 r! . ,
—’I“QV(T‘)UH</OO dr/—(r’)"—l‘/Q(r’) </TH dr'"I,(r") — T 1T/'(?“H)C'ﬂ> )dw“dx
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—27’20}1,,(/0: dr'm <(r')"_1 - (T’H)"_1>>dx“dx” , (4.43)

where the first-order functions I A(LI) (r) and Qf})(r) are defined respectively as

10y = g /=D =2) 4 (Q@ (1) — QD) 4 /@ DE=2) c_)

2 rn # 2 2

+(n — )" 2V (r)u” Uy,

(1) _ n—1 1 qpﬁayq_ v
Q)7 (1) ”2(11—2)7“( " u’ Oy |, (4.44)

and we also defined

phv

o = %PWPVB (Outts + Dptia) — —— (Da®) (4.45)

The gauge field is found as
n—1 1
Aa = a _— d _— (1
1 < 2(n —2) rn- ezt T / r( ok 1V < — @)

(n—1)2(n—2 _21,;> \/m/oo

r! 1 r .
/oo &’ (PP Ly 2 (1) </rH drmlﬁl)(w) ~ ' VWH)CM) )dﬂc“

+ (D@ + gV ()eteq Q) da

<

where Q}, = e“bcquﬁ (0,q°). Note that the last line is the non-Abelian induced terms.
Again using holographic renormalization, one can easily find the stress tensor and the
SU(2) charge current. In terms of Fefferman-Graham coordinate expansion,

(n)
9 () zmw+---+g[’j” T (4.46)

T
the n-dimensional CFT stress tensor is given by

n
T, =——qg". 4.4
M 16 Gy Y (447)

Again, it is straightforward to check that the only non-vanishing first order correction

comes from gl(]1 ) with

1
TV = 20y, (4.48)
where )
T s
— ——— 4.49
K 16mGpy1 47 ( )
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We point out that it is not a trivial fact here and in the STU model that there is no first
order correction to 7%, as it results from a non-trivial cancellations in the expansion. The

full covariant expression of the stress tensor is
T = p (" + nutu”) — 2no?” + - - . (4.50)

with the pressure p = ﬁ representing the zero’th order contribution.
The SU(2) charge current is similarly obtained from the expansion as

(n—2) . -2
Ja — 1 n Aa
b dnGoyy pif Al0)

and it is easy to find the first order correction to be

o L <QEL1)(7°H) _J(n—=1)(n—-2) C_2u> 4

T 4nGo 2 r2,
(’I’L — 2) (n—2) nHa (n—2) _abc b e
tig s (020 + ey

where QE})(T‘) is given before in (4.44), and f("=2), ¢("=2) are the coefficients of 1/p" 2 in
the expansion of f((p) and g™V (p) respectively. Trading ¢ with the density p® defined
in (4.28), we can rewrite the result in the form

. PY(8,
J;j(l) - _D <p p/.t(p p) _ uuayuu> pa + Dleabcpbpll;(apr)
+D2 B (p*(p - Oup) — (p- p)(Ovp?)) (4.51)

with three diffusion coefficients

D 1 L 27-q :(n—Q)m—i—Qr?{
)r

(n—2 - nmrly n(n —2)mry
(n—2) 2Q 272 (n—2)
p, = $Own /Uy 2w g (452
(n—1) (n—1)2(n—2)2

The D is essentially the usual diffusion coefficient of Abelian nature, which agrees with
ref. [40], while the other two diffusion coefficients are due to the non-Abelian properties.
Although their precise values can only be determined by numerical analysis, we hope
that the above structure of non-Abelian current we obtain in derivative expansion may be

important for future applications to the QCD plasma incorporating non-Abelian symmetry.

4.3 On tri-sasakian compactification of M-theory to AdS,

We would like to conclude by a few comments on the realization of our SU(2) theory in a
concrete example. Our 4-dimensional bosonic action (n = 3) with SU(2) gauge symmetry
in the bulk has a specific AdS,;/CFTj realization in M-theory; consider N M2 branes
sitting at the apex of an 8-dimensional Hyper-Kahler cone and take a near horizon limit.
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The superconformal theory one gets on the M2 branes has N = 3 or 6-real components of
dynamical supersymmetry with SU(2)g R-symmetry. The corresponding dual theory on
AdS, will include a consistent truncation to the minimal N = 3 SU(2) gauged supergravity
in 4-dimensions [39], whose bosonic action is precisely our action in the previous section.
In this case, one has an explicit expression for the Newton’s constant G4 in terms of the
number of M2 branes as follows.

The 11-dimensional M-theory supergravity action is

1

L11 = 75=55
(2m)813

1 1
/dux vy (R(m _ 5\}:4,2) - §EE /03 ANFyAFy,  (4.53)
p

where RV is the Ricci scalar of the 11-dimensional metric, and

1

2

FyunpoFMNPQ, (4.54)

The near horizon limit of M2 branes at the tip of a Hyper-Kahler cone takes a form of
AdS; x X7 with X7 being a Tri-Sasakian 7-fold which is the unit radius section of the
Hyper-Kahler cone involved. The explicit solution is given as

1
ds?, = R? <st§1ds4 + dQ§(7>

Fy = §R3e4, (4.55)

where dQ§(7 is the metric of X7 normalized in such a way that
Ray = 69ap (4.56)
and ¢4 is the volume form of the unit radius AdSy. The constant R is given by the relation
6R%vol(X7) = (2rl,)°N . (4.57)

Then one can easily obtain the 4-dimensional effective action on AdS, after compactifying
M-theory action (4.53) on the above 7-dimensional Tri-Sasakian manifold X7. Note that
the X7 metric of R2dQ§(7 now has

6
R = ﬁgﬁf, (4.58)
so that RX7 = %, which means
42
R ~ RW 4 27 (4.59)
Also one has ) 4
3 4 36

Combined with

/ "z /=g = RTvol(X7) / Y (4.61)
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the effective 4-dimensional action takes a form

and we identify
1 o R7V01(X7)
167Gy (2m)31)

(4.63)

We then need to put R = 2 to conform to our convention of cosmological constant in the
previous section,!! and using (4.57) one finally has

1 27N?
167Gy 9263 (vol(X7))

(4.64)

NI

For a class of Tri-Sasakian manifolds that are obtained from Hyper-Kahler quotients,
their normalized volumes vol(X7) are explicitly known [41, 42]. One can start from a
(2 + r)-dimensional flat quaternion space and take U(1)" Hyper-Kahler quotients specified
by charges @’ where i runs over U(1) and a runs over (2+7) quaternions. The resulting 8-
dimensional Hyper-Kahler cone will have a unit radius section as a Tri-Sasakian manifold,
whose normalized volume is known by the formula [42]

2r+1 4

2+r 1
vol (X : . 4.65
) = Tavel / H w1l o 1+ (0 Qe )

In the simplest example of = 1 with three charges @; (i = 1,2, 3), it becomes

T (@Q1Q2 4 Q2Q3 + Q3Q1)

T
vol (X7(Q1,Q2,Qs3)) = 3101+ 02) @+ Q) Qs+ 1) (4.66)

which includes the famous N(1,1) as Q1 = Q2 = Q3 = 1 with
vol (N(1,1)) = %4. (4.67)

Although the N = 3 superconformal theory on M2 branes dual to the gravity background
with N(1,1) is still unknown, there is a proposal in ref. [43] for the case of Q1 £Q2+Q3 = 0,
inspired by the theory of BL/ABJM [44, 45]. See also ref. [46] for N = 2 cases.
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"The quicker way to arrive at this conclusion is to make the AdSs in (4.55) to have unit radius, which
should be a solution with our cosmological constant convention.
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A Details of computations
A convenient expression for the first order variation of the Ricci tensor we use is
SRuN = —VuChy +VeChn, (A1)

with
P 1 pg
Cun = 29 (Vmogng + VNdgug — Vq@dgun) , (A.2)
where V) is the covariant derivative with respect to the zero’th order metric gy;n. The

tensor C'4;, is in fact a variation of the metric Christoffel symbol, CT . = 6T'F
We denote

A(r)=H3(r)f(r), B(r)=H"s(r), C(r)=r2Hs(r), (A.3)

as before, where the local parameters m and ¢; are implicit in the expressions above and

below. The prime in the equations below means the radial derivative d%.

3 3 3
PP = s | HO) 2w qu ZHI D> duar |+ (Hi(r)diar)
4r°H(r) = J=1 =1

a 34’ !
B 3C'\ A 3C" A
- ( + 20) 5 (O B) + == 150 (0 A) — o5 (O5u;)

2C 4C?

s = (1 (0,B) + - <at0>),+ 3 (0,0)
+

LA ; N C
Z(XI 7 (0-X7) (atX)*’%(auz)’
I=

(1 _ 3 ;3¢ 3¢

G _ L <(atX1) ! (atX2)>'_ (i ((atxl) 1 (ap@)))’
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